The oriented chromatic number o(H ) of an oriented graph H is de ned to be the minimum order of an oriented graph H 0 such that H has a homomorphism to H 0 . If each graph in a class K has a homomorphism to the same H 0 , then H 0 is K-universal. Let P k denote the class of orientations of planar graphs with girth at least k. Clearly, P 3 P 4 P 5 : : : We discuss the existence of P k -universal graphs with special properties. It is known (see 11]) that there exists a P 3 -universal graph on 80 vertices. We prove here that (1) there exist no planar P 4 -universal graphs; (2) there exists a planar P 16 -universal graph on 6 vertices; (3) for any k, there exist no planar P k -universal graphs of girth at least 6; (4) for any k, there exists a P 40k -universal graph of girth at least k + 1.
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Introduction
Graphs in this paper can be directed, oriented or unoriented. The di erence between directed and oriented graphs is that in directed graphs opposite arcs are allowed, while in oriented graphs they are not allowed. (Two exceptions: by directed cycle we mean an oriented cycle without sources and by directed path an oriented path with exactly one source and exactly one sink.) In other words, an oriented graph is an orientation of an undirected graph obtained by assigning to every edge one of the two possible orientations. For every graph G = (V; E), V is its set of vertices and E is its set of arcs or edges. Given graphs G = (V; E) and G 0 = (V 0 ; E 0 ), a homomorphism from G to G 0 is any mapping f : V ! V 0 satisfying xy 2 E =) f(x)f(y) 2 E 0 :
Here the elements or E and E 0 either both are edges or both are arcs. The existence of a homomorphism from G to G 0 will be denoted by G ! G 0 .
Homomorphisms are clearly related to the chromatic number of undirected graphs by the observation that (G) k if and only if G ! K k . In other words, an undirected graph G has chromatic number k if and only if G has a homomorphism to K k but no homomorphism to K k?1 . Therefore, the chromatic number (G) of an undirected graph G can equivalently be de ned as the minimum number of vertices in an undirected graph H such that G has a homomorphism to H. In this paper we study universal graphs for oriented planar graphs of given girth. By the girth (respectively, length of a path or length of a cycle) of an oriented graph we mean the girth (respectively, length of a path or length of a cycle) of the underlying undirected graph.
Denote by P k the class of planar oriented graphs with girth at least k. In particular, P 3 is the class of all planar oriented graphs. Evidently, P 3 P 4 P 5 : : :, which yields that any P k -universal graph is also P m -universal for every m > k. The following theorem is a summary of results in 2, 9, 11, 12] related to planar graphs. On the other hand, the following is true.
Theorem 2 There exists a planar graph on 6 vertices which is universal for the set of graphs in MAD 16=7 with girth at least 11.
Note that, by (1) Lemma 1 For any v 2 V (T) and any oriented path P with k arcs (1 k 5),
Let G be a minimum (with respect to the number of vertices) oriented graph with maximum average degree less than 16/7 which has no homomorphism to T. Clearly, G has no vertices of degree 1. Vertices of degree k will be often referred to as k- Remark. As in the proof of (G1), the main problem with embedding a subgraph of G which is a path with internal 2-vertices into T is to map the internal vertices so that there is a path of given orientation in T connecting the images of the ends of this path. Recall that we have a choice of three colours for u, each of which allows for v a 3-interval of colours. But the union of three distinct 3-intervals has the size at least ve. Consequently, we can extend f on whole G. If w is a (3; 6){vertex, then the proof is only easier. 2
The proofs of the following four facts are very similar to that of (G3) and (G4), and we omit them.
(G5) No Lemma 2 Let M(k) 1 denote the set of all directed cycles of length at least k, and M(k) 2 denote the set of unicyclic oriented graphs whose cycle has length k or k + 1 and such that each source in this cycle is entered by exactly one directed path, and from each sink in the cycle starts exactly one directed path.
Let m = maxfk; d1= eg. We construct the universal graph F in question as the disjoint union of graphs F 1 and F 2 . Each component of F 1 consists of two directed cycles with exactly one common vertex. One of these cycles has length 2m and another has one of the lengths k; k + 1; : : :; k + 2m. Each component of F 2 consists of some oriented cycle C of length k or k+1 with exactly one directed cycle of length 2m attached to every source or sink in C.
Observe that every component of F is outerplanar of girth at least k and has maximum average degree less than 2 + 2=(2m) 2 + . It follows that F also possesses these properties. On the other hand, each graph in M(k) 1 has a homomorphism to some component of F 1 , and each graph in M(k) 2 has a homomorphism to some component of F 2 . This proves the proposition.
To prove Theorem 5, consider an arbitrary minimal by inclusion P k -universal graph H. If mad(H) 3, we are done. Suppose that mad(H) < 3. Repeating the argument of Section 2, we obtain that the properties (i){(iii) in Section 2 hold also for our H (with replacing 4 by k in (iii)). Instead of (iv) we can prove only the following weaker statement. (vi) An arc uv cannot be exceptional for both u and v. This contradicts the fact that mad(H) < 3.
5 On the girth of P k -universal graphs
In this Section, we prove Theorem 7. To do it, we need the following lemma (see 1], pp.238{239):
Lemma 3 Let Y be the sum of n mutually independent indicator variables, = E(Y ). For all > 0, P Y < (1 ? ) ] < e ? 2 =2 :
Let g be xed and = 1=3g. We choose any n such that n > 200 ln n (2) and construct a random directed graph G (with loops) as follows. Let U = fu 1 ; : : :; u n g, W = fw 1 ; : : :; w n g. For each w i and u j , the arc w i u j exists with probability p = n ?1 independently of any other arcs. ln n < n=200, and so, n holds. It follows that there exists a digraph G = (V; E) possessing all properties (i){(iii). Denote by H = (V; E 0 ) the oriented graph obtained from G by deleting one arc from each cycle of length at most g in G (in particular, every loop and an arc in every 2-cycle must be deleted). By (i), it can be done and the resulting H has girth at least g + 1. By (ii), for each A V with jAj < 1=p, we have minfjN + H (A)j; jN ? H (A)jg pnjAj=4 ? jAj > pnjAj=5 = n jAj=5:
Similarly, under conditions (2), for each A V with jAj = d1=pe, we have minfjN + H (A)j; jN ? H (A)jg 4(e ? 1) 5e n ? d1=pe > 0:505n ? n > n=2: (4) For an oriented path P and v 2 V , let N P (v) denote the set of vertices w 2 V such that H contains a path isomorphic to P connecting v with w. Now, we prove that for each v 2 V and for each oriented path P of length 4g, jN P (v)j > n=2: (5) Indeed, if jN P k (v)j 1=p for at least one initial subpath P k with k edges of P, (1 k 4g ? 1), then this follows from (4) . Otherwise, by (3) and (2) A smallest counterexample to any of the statements of the theorem must have no 1-vertices. By above, it has no subpath on 8g ?1 vertices of degree 2. Then the rst statement follows from the fact that any planar graph without 1-and 2-vertices has girth at most ve, and the second follows from the discharging procedure when each vertex v of degree at least three gives 1=(24g ?2) to each of its 2-quasi-neighbours.
